The analytic hierarchy process (AHP) is a structured technique for dealing with complex decisionmaking and is already used to solve many group decision problems. This paper used the CauchySchwarz inequality to improve the AHP algorithm that was developed by Escobar et al. (2004). They provided an upper bound for the group geometric consistency index in order to prove that the group geometric consistency index is less than the maximum of each individual geometric consistency indexes. Although they proposed a useful and novel AHP method, the upper bound estimation still could be improved to provide better group consistency estimation accuracy. This paper proposed a new upper bound estimation that would be able to function in a situation where there are some individual decision makers, whose geometric consistency indexes are greater than the threshold that is proposed by Aguarón and Moreno-Jiménez. The experiment results showed that this paper provided a robust and better estimation. The purposes of this study are as follow; first, this study used CauchySchwarz inequality to improve the synthesized method in AHP method, and to achieve better upper bound estimation. Second, numerical examples are provided to illustrate the findings. Our relative error is 7% of that by Escobar and others to indicate the accuracy. Third, this paper showed that even if the weights changed, the proposed method is still robust with different combinations for decision makers. This study modified one entry of the comparison matrix. The results showed that our estimation performed well on most cases (16 of 17, about 94%) by the sensitivity analysis. Finally, two existing papers with group decision problem were examined with our findings to indicate 6 of 9 are predictable by our upper bound. We also provide a reasonable explanation why the other 3 of 9 cannot be predicted by ours.
INTRODUCTION
The analytic hierarchy process (AHP) was designed by Saaty (1980) as a flexible and easily understandable method, assisting decision-makers to solve multi-criteria decision-making problems in a reasonable and practical manner. The AHP model is widely and successfully used today in many fields; for example, Zanakis et al. (1995) studied over 100 applications of AHP within service and *Corresponding author. E-mail: tung@mail.cpu.edu.tw. Tel: +886-3-3282321 Ext: 4491. Fax: +886-3-3284118. government sectors. In spite of all this, some researchers still question its appropriateness and completeness. To mention a few examples, Apostolou and Hassell (1993) considered that comparison matrices with consistency ratio >0.1 are acceptable. Bernhard and Canada (1990) suggested that the incremental benefit/cost ratios should be compared with a cutoff ratio instead of just the benefit/cost ratios found in Saaty (1980 Saaty ( , 1995 . Finan and Hurley (1996) made a diagonal procedure that constructed a rank-order consistent matrix.
Some researchers have tried to revise those improvements. For instance, Chu and Liu (2002) illustrated problems within Apostolou and Hassell (1993) . Yang et al. (2004) demonstrated that the methods used in Bernhard and Canada (1990) was incomplete and later modified it. Chao et al. (2004) explained that the diagonal procedure of Finan and Hurley (1996) did not pass the consistency test found by Saaty (1980) . Lin et al. (2008b) showed that the proof of the proposition shown in Finan and Hurley (2002) was false. Moreover, their counter example not only failed to satisfy the 1 to 9 scale bound of Saaty (1980) , but after making revisions to meet Saaty's condition, the rank reversal disappeared.
The AHP model was originally designed for one expert. As the managerial situation becomes multi-dimensional, several experts need to be considered in the example of a group situation where there is more knowledge and experience to solve the decision-making problem. Early observations and suggestions for using AHP in group decision making were given in the research publication by Saaty (1989) .
Some of the published papers have focused on how groups construct the hierarchy, compare elements in the hierarchy, and aggregate weights. Four basic approaches can be used to set the weights of elements in a hierarchy: 1. Consensus, 2. Vote or compromise, 3. Geometric mean of the individual judgments, and 4. Weighted arithmetic mean. Aczel and Saaty (1983) have shown that the geometric mean preserves the reciprocal property in the combined pairwise comparison matrix. The geometric mean is the approach most commonly used by groups to set priorities. For example, the geometric mean has been incorporated into the popular Expert Choice 2000 Team software (2001) . Xu (2000) claimed that if the consistency index of all individuals passed the test proposed by Saaty (1980) , then the group's consistency index would also pass the test. Lin et al. (2008a) pointed out that Xu's proof was dependent on a false relation among the individual priority vectors and the group priority vector that is implicitly assumed by Xu (2000) .
Earlier research based on the consistency measure of Aguarón and Moreno-Jiménez (2003) , was later used by, Escobar et al. (2004) which also provided an upper bound for the group consistency index in order to show that if all individual comparison matrices passed the consistent test, then the group comparison matrix will also pass the consistent test.
AN UNSOLVED PHENOMENON IN GROUP DECISION OF AHP
However, according to the upper bound of Escobar et al. (2004) , researchers can not answer the question that is proposed by Aull-Hyde et al. (2006) We try to improve the findings from the paper of Escobar et al. (2004) by considering the consistency for group decision-making in the analytic hierarchy process. Escobar et al. (2004) extended the results for the eigenvector priorization method (EM) (Xu, 2000) and for its associated consistency index (Saaty, 1980) . They used the weighted geometric mean method (WGMM) as the aggregation method, the row geometric mean method (RGMM) as the priorization procedure, and the geometric consistency index (GCI), proposed by Crawford and Williams (1985) , as the inconsistency measure. They then derived that the group geometric consistency index is less than the maximum of the individual geometric consistency index. María et al. (2005) and Lin et al. (2008a) had both referred to Escobar et al. (2004) in their references; however, in the paper by María et al. (2005) , they did not consider the following discussions and revisions that we propose here. On the other hand, Lin et al. (2008a) have focused to improve the work done by Xu (2000) .
We will show how the methods found in Escobar et al. (2004) are invalid and we attempt to revise their estimation in order to derive our new estimation for the group geometric consistency index. In using the same numerical example, we demonstrate that our new estimation is better applied than the results shown previously.
According to our hypothetical example, which is a small modification of the example of Xu (2000) , there are at times with some decision-makers, whose geometric consistency index is greater than the threshold that is proposed by Aguarón and Moreno-Jiménez (2003) and Escobar et al. (2004) . Our new estimation helps to yield meaningful results and provides an easy method to check the group consistency.
REVIEW OF PREVIOUS RESULTS
Let us suppose that for an analytic hierarchy process problem, there are m decision-makers and the comparison matrices for the alternatives 1
corresponding to a criterion for the k-th decision maker, is denoted by
. By the RGMM, it implies the priority vector,
The error matrix for the k-th decision maker,
The geometric consistency index
The geometric consistency index for the k-th decision Escobar et al. (2004) defined the group consistency index as follows:
They applied the Schwarz inequality in the next lemma.
Lemma 1 of Escobar et al. (2004) 
Proof of Lemma 1 in Escobar et al. (2004) . They assumed that when there is without loss of generality, 
In the next step, we quote their theorem 1.
Theorem 1 of Escobar et al. (2004) : Using the WGMM as the aggregation procedure, the RGMM as the priorization procedure, and the GCI to measure the inconsistency, it holds that
They used the numerical example of Xu (2000) with four decision makers (I, II, III, and IV) and four alternatives (A, B, C, and D) such that the comparison matrices are; Table 1 of Escobar et al. (2004) .
In Table 1 of Escobar et al. (2004) , the typing error has been corrected for Escobar et al. (2004) , they claimed that their estimation for the group geometric consistency index is valid. Their findings were highlighted after each individual GCI had passed the consistency test, so that their Theorem 1 guaranteed that the group geometric consistency index would also pass the consistency test.
The inherent problem of this study
Here, we will attempt to point out why the results from published literature are questionable. In trying to explain our idea, let us recall Table 1 , in which all individual GCIs are less than 0.35. For a well-defined group geometric consistency index, say G GCI , it is logical to expect that a
can pass the consistency test. In our point of view, the purpose of Theorem 1 in Escobar et al. (2004) is to insure that their definition, Equation (2) 
so that
. Given this new situation, Theorem 1 of Escobar et al. (2004) cannot help us to determine whether or not the group geometric consistency index will pass the consistency test. This would indicate that the estimation of the group geometric consistency index should be able to handle, for instance, the problem when some decision makers have the GCI beyond the threshold as proposed by Aguarón and Moreno-Jiménez (2003) .
REVISIONS OF THIS STUDY
First, we mention an improved approach to using the Schwarz inequality. 
Proof : By the Schwarz inequality, we derive that:
(10)
Next, we revise theorem 1 of Escobar et al. (2004) .
Proposition 2: Using the WGMM, with the weight
, as the aggregation procedure, the RGMM as the priorization procedure, the GCI to measure the inconsistency, it holds that,
Proof: From Equation (2) and Schwarz inequality, we know that:
Here, we begin to compare our revisions with that of Escobar et al. (2004) .
Proposition 3: Our estimation,
we finish the first part of the proof. Since k β denotes the weight for the k-th decision maker, in a group decision making environment, every expert opinion should be considered, otherwise we would not invite the expert in the decision group, such is that we can assume that 0
It implies that only when will be equal to our estimation, proposed by Xu and Da (2003) and Xu (2004) for an aggregation operator. Moreover, in other cases, our estimation is smaller than that of Escobar et al. (2004) . Therefore, we claim that we derived an improved upper bound for the group geometric consistency index.
Numerical examples

Our estimation
We first consider the numerical example in Xu (2000) and Escobar et al. (2004) . By Proposition 2, we use the results in Table 1 to derive that: 
When ( ) 
From Equations (17) and (18), we provide examples where some decision-makers whose 35 . 0 > GCI , such that the estimation of Escobar et al. (2004) fails to offer a prediction to whether or not the group GCI will be less than 0.35. By Proposition 2, our approach still provides a good estimation for the group GCI that will pass the consistency test.
Variation of relative weights of decision makers
Next, we consider the problem as to whether or not our results are strongly dependent on some particular weights of decision makers. We propose using the permutation of the previous example where ( ) 
Variation of one entry in the comparison matrix
Next, we will study the shortcoming of our approach. In this note, our main goal is to improve the method of finding an upper bound of Escobar et al. (2004) . Unfortunately, their estimation can only apply in cases when all individual decision makers pass the consistency test. By Proposition 3, we are able to offer an improved upper bound. However, it is still an upper bound with limitations that will sometimes show our estimation to be an overestimate of the group GCI , such that the group 35 . 0 < GCI Table 3. In  examining Table 3 sensitivity analysis, we may say that the group comparison matrix has an average effect to moderate higher GCI of an individual decision-maker.
For example, when
] 5 [ 13 a changes from 9 to 9 / 1 , the GCI of V A varies from 0.2358 to 4.6597, which is 20 times greater. On the other hand, the group GCI varies from 0.1547 to 0.4596, three times greater.
As shown in Table 3 , a majority of our estimates, 16 out of 17, can predict whether or not group GCI will pass the consistency test. This indicates that our estimation provides a reliable prediction for the group comparison matrix. Only when our estimation happens to be slightly higher than 0.35, for example, 0.37, does our approach require further examination for group GCI .
ANALYSIS OF RESULTS
Moreover, we consider the monotonic property for the relative error between our estimation and the exact group GCI . Then we may claim that the relative error is an increasing function of group GCI . This is an advantage and it implies a false estimation for the group GCI .
The conclusion we draw from this analysis is that for the remaining 16 cases for the Saaty 1 to 9 scales bound (Saaty, 1980) , our estimation can provide accurate inference for the group GCI .
Practical application
Finally, we provide some practical applications of our proposed estimation for the group consistency index. We reviewed some articles and searched for papers with examples of group decision-making, where the comparison matrices are documented in detail. There are two papers that fulfilled our requirement: Saaty and Vargas (2007) and Altuzarra et al. (2007) . The published matrices can potentially form a data set for analysis. We cite the original comparison matrices for a group of five experts from Saaty and Vargas (2007) in the following, 
In Saaty and Vargas (2007) , they did not provide the weights for those five decision-makers. Therefore, to start, we can consider the following cases: (a) uniformly distributed, (b) increasing order, and (c) decreasing order, and then find the consistency index for individuals and group (Table 4) . Since all five experts are inconsistent, our proposed upper bound will imply that there is a relatively high estimation for the group consistency index. We would say that in two-thirds of our overestimated upper bound, we are able to predict that the group consistency index is also greater than the threshold.
We also record the comparison matrices after reducing the dispersion in Saaty and Vargas (2007) 
and then we find the consistency index for individual experts and the group (Table 5) . After reducing dispersion, four of them are still inconsistent having a relatively lower inconsistency index. Consequently, the group consistency index and our estimation both decrease. Our proposed upper limit can only provide accurate predictions for cases where the group consistency index has a very small value. Otherwise, our estimations are too high to provide a meaningful prediction. This is a phenomenon that has been discussed by Aull-Hyde et al. (2006) . They claimed that for group decision-making problems, if the number of experts is large enough, then the synthesized group comparison matrix will pass the consistency test. Their experiment data showed that for 4 by 4 comparison matrices, if the group of experts is more than 40 persons from their 10,000 randomly generated experiments, then all group comparison matrices pass the consistency test. This example may be a special case, where in only 5 experts with diverse opinions and after synthesizing can their opinions be a better trade-off for a consistent group comparison matrix. In Altuzarra et al. (2007) , they used a group decision problem that was proposed by Wang and Xu (1990) . We adopt the abbreviated expression from Saaty and Vargas (2007) , and list the comparison matrices of six experts as shown in the following: 
Then we find the consistency index in Table 6 . In Altuzarra et al. (2007) , they did not provide the weights for those six decision-makers. Therefore, to start, we consider the following cases: (a) uniformly distributed, (b) increasing order, and (c) decreasing order.
Only ( ) According to our proposed method, our upper bound can provide an accurate prediction for the three assigned cases. On the other hand, we create a special case that is related to the worst condition for our proposed method with relatively high weights for those inconsistent experts. Our estimation is 0.4428, but as the group consistency index is acceptable as 0.0823 to indicate some special situations, our upper bound may be too big to apply.
DISCUSSION AND CONCLUSION
We derived a new estimation for the group geometric consistency index. By the same numerical example of Escobar et al. (2004) , our estimation is more accurate than their results given, since our estimation error is 7% of theirs. When some decision makers have comparison matrices that are not consistent, the procedure of Escobar et al. (2004) Our new estimation implies a simple procedure to predict the group consistency index, such that our revisions will undoubtedly result in helping the development of theoretical analysis and practical applications.
